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Spaces of signatures of higher level provide an abstract setting for studying the reduced theory 
of forms of higher degree over various types of rings (fields, skew-fields, semi-local rings, etc.). 
In the literature, a space of signatures of level 1 is also called a space of orderings. A classification 
theorem is proved for those spaces of signatures whose basic part has 2-primary part of rank ~2. 
Using this, it is proved that the Becker-Rosenberg Representation Theorem holds for an arbitrary 
space of signatures. Since the case where the level is a 2-power is covered in an earlier paper by 
the second author, the emphasis is on the reduction of the general case to this special case. 
Introduction 
Suppose T is a preordering (of higher level) in a field F and that X/T is the as- 
sociated space of signatures. In [3] Becker and Rosenberg prove a certain represen- 
tation theorem characterizing the Witt ring W,(F) as a subring of the ring of all 
locally constant functions Q : X/T+ C. This extends an earlier result by Becker and 
Brocker [l] in the level 1 case. 
Spaces of signatures (of higher level) are introduced in [lo, 111. These provide an 
abstract setting for studying the Becker-Rosenberg theory of preorderings on fields. 
Spaces of signatures of level 1 are nothing more or less than spaces of orderings as 
defined in [7]. 
Additional examples of spaces of signatures are now known. In [9] it is proved 
that a preordering on a ring with many units gives rise to a space of signatures. 
(Rings with many units include semi-local rings and zero-dimensional rings.) In [12] 
preorderings on a skew-field are shown to yield spaces of signatures. In [5] pre- 
orderings of level 1 on an arbitrary planar ternary ring are shown to yield spaces 
of orderings, but so far, this has not been extended to the higher level case. 
The main result of the present paper is to show that the Becker-Rosenberg rep- 
resentation theorem (more precisely, the quasifan version of this result) holds for 
an arbitrary space of signatures; see Theorem 3.1 below. This result is announced 
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without proof in [8]. This completes a project initiated by the second author in [lo] 
where this result is proved in case the level is a 2-power. As in [lo], the proof given 
here is an extension of the level 1 proof in [7]. 
Most of the paper is devoted to proving two preliminary results (Theorems 2.1 
and 2.6). Each of these is of some independent interest. Theorem 2.1 gives a cri- 
terion for recognizing fans. In [lo, 11] an axiom S5 is introduced which is conjec- 
tured to be a consequence of axioms So-S4. This conjecture is proved in Corollary 
2.2. Another application is to the computation of the units of finite order in the Witt 
ring; see Corollary 2.3. Theorem 2.6 completes the classification of spaces of 
signatures with two-primary part of rank 5 2. Also, it allows a nice characterization 
of quasifans; see Corollary 2.7. The paper concludes with the representation 
theorem (Theorem 3.1) and two applications (Corollaries 3.3 and 3.4). 
1. Preliminaries 
Let G be an abelian group of finite (even) exponent and let X be a non-empty 
subset of the character group G*. We say that the pair (X, G) is a space ofsignatures 
if the following five axioms hold: 
So: For any o E X and any odd integer k, ok EX. 
S1: Xis closed in G*. 
S,: There exists an element -1 E G such that a(- 1) = -1 for all o E X. 
S,: X’:={xeG: o(x)=1 for all a~X}=l. 
S,: If f and g are forms over (X, G) and zeD(f@ g), then there exists x~D(f) 
and y E D(g) such that z E D(x, y>. 
Unexplained terminology is defined as in [lo, 111. The level of a space of signa- 
tures (X, G) is exp(G)/2 where exp(G) denotes the exponent of G. We also consider 
some additional properties: 
S,*: For x,y~G, u{D(y,s): s~D(l,x)}=U{D(x,t): t~D<l,y>}. 
S,: If crag* satisfies a(-1)= -1 and D(l,x) c ker(a) holds whenever XE ker(a) 
then o E X. 
St: If o E G* satisfies ~(-1) = -1 and 1 + a(x) = a(r) + o(z) holds whenever 
x,y,zeG satisfy (l,x)=:(y,z) then aeX. 
S4 * S,* and S, * St are clear. According to [6, Theorem 11, (X, G) is a space of 
signatures iff S2, Ss, S,*, ST hold. In particular, ST holds for any space of signatures. 
In [lo, 111, S, is listed as one of the axioms for a space of signatures. In Corollary 
2.2 we show that this is unnecessary since Ss is already a consequence of S,+S4. 
Throughout, (X, G) is assumed to be a space of signatures. For Yg G*, let [Y] 
denote the closed subgroup of G* generated by Y. Thus [Y] = Y”. As in [ 101, we 
say Y (more precisely, the pair (Y, G/YI)) is a subspace of (X, G) if Y= [Y] flX. 
According to [lo, Proposition 2.91, any (non-empty) subspace of a space of signa- 
tures is itself a space of signatures. 
If Y c X is a (non-empty) subspace then d = Y’ is a subgroup of G satisfying (i) 
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- 1 $ d and (ii) x E d * D( 1, x) c d , Such a subgroup of G is referred to as a pre- 
ordering. Every preordering d c G arises from a subspace in this way. Although this 
fact is implicit in [lo], the proof is given here fore completeness. 
Proposition 1.1. Suppose A c G is any subgroup satisfying (i) and (ii). Then 
(A’ n X)’ = A (so the pair (A’ n X, G/A) is a subspace). 
Proof. Using (ii) and (b,, b,) E b,(l, b, b,‘), it follows that b,, b2 E A * D(bl, b2) c 
A. Thus, by S4 and induction, bl, . . . , bkE A * D(bl, . . . . bk) CA. Thus A is the 
union of the preorderings D((a,, . . . ,a,)), aI, . . . , a, E A, n 2 1. (Here, ((a,, . . . ,a,)) 
denotes the n-fold Pfister form, see [lo].) Let Y := A’ n X. Then Y is the intersec- 
tion of the Pfister subspaces X(al, . ._ , a,), al,. . . , a,, E A, n L 1. If b E Y’ then X(b) 
is open in X and contains Y. Thus, by compactness, X(a,, . . . , a,) C X(b) for some 
a, ,..., a,EA. Thus bEX(a, ,..., a,$=D((al ,..., a,)) c A. This proves Y’ C_ A and 
consequently Y’ = A. q 
An element XE G is said to be rigid if D(l,x) = (1,x). The next result is proved 
in [ 1 l] assuming S,. The point being made here is that this extra assumption is not 
necessary. 
Proposition 1.2. For B c G any subgroup, the following are equivalent: 
(1) -1 EB and each XEG\B is rigid. 
(2) (X,G) is a group extension of (X IBIB) (terminology as in [lo, 111). 
Proof. (2) * (1) is [ll, Proposition 3.6(ii)]. Now assume (1) and suppose o E G* 
satisfies CJ 1 B~ X 1 B. We want to show (T E X. According to [6, Theorem 11, we need 
only verify that CJ satisfies the hypothesis of SF. Thus we assume a, b, CE G satisfy 
(1, a> z (b, c) and try to verify 1 + a(a) = a(b) + a(b). This is clear if a, 6, CE B. Other- 
wise, transposing terms if necessary, we can assume a@ B. Thus a is rigid so 
(b,c} = {l,a} and the result is clear. 0 
Of course, if (X, G) is a group extension of (X 1 B, B), then (X jB, B) is auto- 
matically a space of signatures; see [ 11, Proposition 2.91. 
The basic part of (X, G) is the smallest subgroup B c G satisfying condition (1) 
of Proposition 1.2. For a better characterization of the basic part see [l 1, Theo- 
rem 4.251. 
2. Recognizing fans and quasifans 
(X, G) is said to be a fan if each XE G, xf - 1 is rigid (equivalently, if the basic 
part is (+-I)). In view of Proposition 1.2, this definition coincides with the defini- 
tion given in [lo, 1 I]. 
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The first main result we prove is the following: 
Theorem 2.1. Suppose the two-primary part of G is cyclic. Then (X, G) is a fan. 
Proof. Decompose G as G = K x H where K is two-primary and H has odd expo- 
nent. Note: If WE K has order 2’ then, for each aeX, a(w) has order 2’. This 
follows from the fact that K is cyclic (so w2” = -1) plus the fact that ~(-1) = -1. 
Claim 1. If w E K, w # f 1, then wx is rigid for any XE H. For suppose (1, wx) E 
(y,z>. Suppose aeX. By the Note, a(wx)=a(w)cr(x)#-1. Thus by Lemma 3.13 
of [l 11, {a(y), a(z)} = { 1, a(wx)}. Interchanging y, z if necessary we can assume 
a(y) = 1 holds for some o EX. Thus, by the Note, y has odd order. Since a(wx) has 
even order (also by the Note) this implies that a(y) = 1 holds for all r~ E X so y = 1 
by S,. Thus wx is rigid as claimed. 
Claim 1 implies that everything outside of kH is rigid so, replacing (X, G) by 
(X 1 *N, +H), we can assume without loss of generality that G = +H. 
Claim 2. Non-trivial binary isometries have the form (1, z) = (x, y) (equivalently 
(1, -x> E (y, -2)) with x, y,z~ H, x,y#l. Moreover, either a(x)= 1 or a(y) = 1 
holds for each 0 EX and z = xy. For suppose x E H, xf 1, satisfies (1, -x> E (a, 6) 
for some a, b E G. Since x# 1, there is some 0 E X satisfying a(x) # 1. Thus, by Lem- 
ma 3.13 of [ll], {o(a),a(b)}={l,-a(x)}, say o(a)=l, a(b)=-a(x). Thus, aeH 
and -b E H. Thus the given isometry is of the form (1, -x) 3 ( y, -z) where y, z E H. 
The other type of isometry we could have is (1, z) zz (c, d) where z E H, c, d E G. In 
this case we have (1,l) = (1,~“) E (c’,d”) where o is the exponent of H. Thus 
c” = d” = 1 so c, d E H. Thus this second type of isometry has the form (1, z> = (x, y), 
x, y E H. Applying Lemma 3.13 of [ 1 l] again we conclude that (T(X) = 1 or a(y) = 1 
for each CJ E X. In particular, a(xy) = (s(z) for all (7 EX so z =xy. This proves 
Claim 2. (Note: The last part of the proof is really a reproof of 4.18(i) of [ll].) 
Now assume the result is false so by Claim 2 we have x, y E H, x, y # 1 satisfying 
(1, xy) = (x, y). Fix such elements x, y. Pick CJ, t E X satisfying D(X) # 1, r(y) # 1 (so 
a(y) = 1, z(x) = 1). Replace X by the subspace Y= [a, r] n X. (Recall: [o, T] denotes 
the subgroup of G* generated by a, r.) In this way we can assume o, r generate G*. 
Let p, q be the order of CT(X), s(y) respectively. Thus a(xP) = 1, z(xp) = 1, so xp = 1. 
Similarly, y4= 1. Thus p,q are also the orders of x,y respectively. Consider ele- 
ments of the form fxiyJ, 01 i<p, Osj< q. These form a subgroup of G of order 
2pq. (Note: if x’yj = 1 then o(x)’ = a(x’yj) = 1, r(y)‘= z(x’yj) = 1, so p 1 i, q 1 j.) 
Claim 3. If O<i<p, O<j<q then (l,x’yj)~((x’,yj). Also, -x’yj is rigid. By 
Claim 2, a(x) = 1 or a(y) = 1 holds for each (II E X. The first assertion is clear from 
this. For the second use Claim 2 to conclude that any binary form isometric to 
(1, -x’yj) has the form u( 1, -x’y’), u E H. Applying a, T to each side and noting 
that o(x’yj) = a(~)‘# 1 and r(x’yj) = r(y)j# 1, this yields a(u) = 1, T(U) = 1. Since 
(T, t generate G*, this implies u = 1. This completes the proof of Claim 3. 
Using Claim 3, (1,x2y2)~(x2,y2) so (l,-y2)=:(-x2y2,x2). Also, (l,xy)~(x,y) 
so (-xy, -x2y2) = ( -x2y, -xy2). Consequently (-xy, 1, -y2) = (-xy, -x2y2,X2) 3 
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(-x2y, -xy2,x2) so -x2y~D(-xy, 1, -y2). By S,, there exists t~D(1, -xy) such 
that -x2yeD(t, -y2) (i.e., feD(y2, -x*y)). Since -xy is rigid (by Claim 3) the 
first condition forces t = 1 or -xy. However -x2y-’ is rigid (also by Claim 3) and 
( y2, -x2y) =y2(1, -x2ypi) so the second condition forces t =y2 or -x2y. This is a 
contradiction. This completes the proof. q 
Corollary 2.2. S, holds for any space of signatures (X, G). 
Proof. Suppose UE G* satisfies the hypothesis of Ss. Thus ker(o) is a preordering 
so ([a] n X, G/ker(a)) is a subspace of (X, G) (Proposition 1.1). By Theorem 2.1, 
this subspace is a fan so o E [a] ~XC X. q 
Corollary 2.3. Let W denote the Witt ring of the space of signatures (X, G). Then 
G = the group of units of finite order in W. 
Proof. If the result is false then we have an anisotropic form f of (odd) dimension 
> 1 representing a unit of finite order in W. By the standard Zorn’s Lemma ar- 
gument we can assume that, for each proper subspace Y C_ X, there is an element 
b E G (depending on Y) such that f = (6) over Y. If G has non-cyclic two-primary 
part then Fta E G, a2 = 1, a# +_l. Going to the Pfister subspaces X(a), X(-a) this 
yields b, CE G such that f @ ((a)) = b((a)) and f @ ((-a)) =c((-a)) (see [lo, Proposi- 
tion2.4]).Note:Sincea2=1,((a))~:sx(1,a)and((-a))~sx(l,-a)wheresisthe 
level of (X, G). Thus, cancelling s and adding, 2 x f =6(1, a) @c(l, -a). Thus 
dim(2 x f) 5 4, i.e., dim(f) 5 2. This is a contradiction. This leaves the case where 
G has cyclic two-primary part. In this case (X, G) is a fan by Theorem 2.1 and, by 
[lo, Remark 3.71, WE R[H] where His the odd part of G and R is the ring of in- 
tegers of a number field Q[o], o a suitable 2-power root of unity. By [4, p. 2371 
we have dim(f) = 1 in this case too. Thus neither case is possible. 0 
Corollary 2.4. A space of signatures is completely determined by the ring structure 
of its Witt ring. 
Proof. G is determined from W as in Corollary 2.3. By SF, X consists of those 
characters o E G* which satisfy the hypothesis of ST. Thus X consists of all restric- 
tions to G of ring homomorphisms (T : W-t G. q 
A space of signatures (X, G) is said to be a quasifan if it is either (i) a fan or (ii) 
a group extension of a space of signatures (Xi, G,)@ (X2, G,) where each Gi is 
cyclic of 2-power order. 
We work toward generalizing the representation theorem in [lo] to the case where 
the exponent of G is not a 2-power. This involves looking at spaces of signatures 
slightly more general than quasifans and proving a suitable generalization of Theo- 
rem 4.4 of [lo]. This is the content of Theorem 2.6 below. Since we want to exploit 
results from the two-primary case as much as possible, we begin with the following: 
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Proposition 2.5. Decompose G as G = K x H where H has odd exponent (v say) and 
K is two-primary. Then (X Ik, K) is a space of signatures. Moreover, (X /k, K) is 
naturally identified with a subspace of (X, G). 
Proof. Let X(2) c X denote the set of elements of 2-power order in X. In view of 
Se, X(2) is also described as the set {(T’: (T EX}. This is clearly a subspace and 
X(2)’ = H. The natural isomorphism KEG/H induces an isomorphism between 
(X IK, K) and (X(2), G/H). 0 
We refer to (X IK, K) as the two-primary part of (X, G). 
Theorem 2.6. For a space of signatures (X, G) with basic part B and two-primary 
part K, the following are equivalent: 
(1) either (X, G) is a fan or (X 1 B, B) = (X,, G,) @ (X,, G2) where Gi has cyclic 
two-primary part, i = 1,2; 
(2) the two-primary part of (X In, B) has rank 12; 
(3) the basic part of (X Ik, K) has rank I 2; 
(4) (X Ik, K) is a quasifan; 
(5) for each x E G of order 2, x # - 1, the group D( 1, x) has cyclic two-primary 
part (i.e., x is the unique element of order 2 in D(l,x)). 
Proof. (X Im, B fl K) is the two-primary part of (X 1 B, B). Each x E K \ (B fl K) 
is rigid so (X lK, K) is a group extension of (X IBnK, Bfl K). Thus (X IK, K) has 
the same basic part as (X jBnK, B n K). Thus we are reduced to the case B = G. 
(1) * (2) and (2) * (3) are clear. (3), (4), and (5) are all statements about (X IK, K). 
Their equivalence follows from results in [lo], specifically [lo, Theorems 4.2, 4.41. 
Thus we are left with proving (4) * (1). 
If K has rank 1, then (X, G) is a fan by Theorem 2.1. Thus we can assume 
K has rank 22. We want an element aE K of order 2, a# -1 such that K= 
(D(l, a) fl K)(D(l, -a) fI K). For suppose such an element has been found some- 
how. Then the group K/(D(l, a) fl K)zD(l, -a) fl K is cyclic and this group is 
the two-primary part of the group G/D( 1, a). Thus the subspace (X(a), G/D( 1, a)) 
satisfies the hypothesis of Theorem 2.1. Similarly, (X(-a), G/D( 1, -a)) satis- 
fies the hypothesis of Theorem 2.1. Now suppose XE G\D(l,a)D(l, -a) and 
y~D(l,x). Applying Theorem 2.1 to these two subspaces, yED(l,a)UxD(l,a), 
y~D(l,-a)UxD(l,-a). If we are in the mixed case, say yED(l,a)nxD(l,-a), 
then x=y(y-‘x)~D(l,a)D(l,-a), a contradiction. Thus either yED(l,a)n 
D(l,-a) oryEx(D(l,a)nD<l,-a)). SinceD(l,a)nD(l,-a)=l, thisyieldsy=l 
or x so any such x is rigid. Since B= G, this forces G =D(l, a)D(l, -a). Thus G 
is isomorphic to G/D(l,a) x G/D(l, -a) by the natural map so XsX(a)@X(-a) 
as required. 
Pick a as follows: If (X lk,K) is a fan, pick any a E K of order 2, a# - 1. (This 
is possible since K has rank 2 2.) If (X IK, K) is not a fan, pick a of order 2, a # - 1 
in the basic part of (X IK,K). Note: Since (X IK,K) is a quasifan, it follows from 
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the way a is picked that each b E K, b $ (D<l, a) n K)(D(l, -a) 17 K) is K-rigid (in 
the sense that D(1, b) fl K= (1, b}). T o complete the proof we show the assumption 
that such an element b exists leads to a contradiction. Consider the decomposition 
G = K x H where H has odd exponent. 
Claim. We can assume His cyclic of prime power order and H* is generated by 
r IH for some VEX. Since B= G, [ll, Theorem 4.251 implies that one of b, -b is 
not rigid. Replacing b by -b if necessary, we can assume b is not rigid. Of course 
b is K-rigid so Bh, k E H, h, k# 1, such that (1, b) E (h, bk). An easy signature com- 
parison shows that k = h so (1,6) E h(1, b). Replacing h by a suitable power of itself, 
we can assume h has order p for some odd prime p. Since h # 1, there exists r E X 
such that r(h)#l. Replacing r by a suitable (odd) power of itself, we can assume 
T lH has p-power order. Let Y= [T, 19’: o EX] fl X where o = exp(H). This subspace 
has the same two-primary part as (X, G). Thus if one of a, -a is not K-rigid then 
a, b are in the basic part of (Y, G/Y’) so we can achieve the desired reduction by 
replacing (X, G) by the basic part of (Y, G/Y’). This leaves the case where a, -a are 
both K-rigid (so (X IK,K) is a fan). In this case a more involved argument is re- 
quired. By [ll, Theorem 4.251, one of ab, -ab is non-rigid. Replacing a by -a if 
necessary, we can assume ab is non-rigid. Thus, as before, we have h’E H, h’# 1, 
such that (l,ab) E h’(l,ab). Again, we can assume h’ has odd prime order q say 
(possibly q =p) and that ~‘EX satisfies r’(h’)# 1 and r’ IH has q-power order. Re- 
placing (X, G) by the basic part of Z= [r, r’, 0”: o E X] fl X, we can at least assume 
that r lH, T’ IH generate H *. Applying [ll, Theorem 4.251 again, Bk E H, k# 1, 
such that (1, +a) z k(1, *a> (for some choice of sign). Thus either r(k)#l or 
s’(k) # 1 so the claim follows by replacing (X, G) by the basic part of Y as above (if 
t(k) # 1) or by the basic part of Y’= [r’, cr’: 0~x1 fl X (if s’(k) # 1). This proves 
the Claim. 
Thus we suppose H is cyclic of p-power order, p an odd prime, and that ZEX 
is such that z IH generates H *. As above, we can assume b,ab are non-rigid so we 
have h, h’E H of order p such that (1, b) = h(1, b) and (1, ab) = h’(1, ab). His cyclic 
of p-power order so, replacing h’ by a suitable power of itself, we can assume h’= h. 
Thus (Lb) s h(1, b) and (1, ab) z h(1, ab). Subtracting and multiplying by b-l, this 
yields (1, -a) s (h, -ah) so, transposing terms and multiplying by bh, (bh, abh2) = 
(abh,bh2). Also, (1,ab)zh2(1,ab). Thus (1,ab,bh)=(h2,abh2,bh)=(h2,abh,bh2) 
so bh2ED(1,ab, bh). Finally, we obtain a contradiction too by proving (i) bh is 
rigid (so D(l,ab,bh)=D(l,ab)UD(bh,ab) by S,) (ii) bh2$D(1,ab), and (iii) 
bh2$ D(bh,ab). 
To prove (i) suppose (1, bh) = (x, y). Thus (1, bP) z (x4 yP>. Since bP is K-rigid, 
this implies that one of x4 yp is in H, say xP E H. Thus XE H. Applying r yields 
1 + t(b)s(h) = t(x) + r(y). Since r(h)#l we also have t(b) # 1 (recall: (1,b) = h(1, b)) 
so t(b) r(h) has even order and s(b) z(h) # - 1. Thus r(x) = 1. Since T lH generates 
H*, this means x= 1 (and hence that y = bh). To prove (ii) recall that (1, ab) s 
h(l,ab) so, if bh2ED(1,ab), then bED(l,ab). This contradicts the fact that ab is 
K-rigid. Finally, to prove (iii), suppose bh2 ED(bh,ab). Scaling by b-‘h-’ this 
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yields h eD(1, ah-‘). Applying r this yields r(h) = 1 or r(h) = t(ah-‘). Both of these 
are impossible since r(h) has order p but r(a) has 2-power order. 0 
Corollary 2.7. The following are equivalent: 
(1) (X, G) is a quasifan. 
(2) For each x E G of order 2, x # - 1, the group D( 1, x) is cyclic of 2-power order. 
(3) Whenever al, a2, a3 E X, then there exist odd k, m, n such that at least two of 
k 
Proof. (1) * (3) Essentially as in [lo, 4.4, (i) = (iii)]. 
(3) * (2) Let x#-1 have order 2, and suppose that (1,x)=:(1,x) where b has 
order p, a prime. If p =2, the proof of [lo, 4.4, (iii) * (ii)] shows that b =x, so we 
can assume that p is odd. Since (1, -x> z b(1, -x) (since b # l), we can find o1 E 
X(-x) such that o,(b) has order p. Set o2 = of (E X by Se). Then rr2 EX(-x, 6). 
Finally, since xz - 1, we can find o3 E X such that as(x) = 1 and then o3 E X(x, b). 
Let m, n be odd, and set r2 = o1 02” 03, and r3 = cri rr20y. Clearly t2(x) = 1 and r3(x) = 
1, but r2(b) # 1 and r3(6) # 1. It follows that neither 52 nor r3 can be in X. This 
contradicts (3). 
(2) * (1) By Theorem 2.6, (5) = (l), (X, G) is a group extension of a direct sum 
(Xi, G,) @ (X2, G,) where each Gi has cyclic two-primary part. If (X, G) is not a 
quasifan then we can find b E Gi (say) of odd prime order. Let x be the unique ele- 
ment of order 2 in Gi. Then (1,x)=6(1,x), which contradicts (2). 0 
Remark 2.8. In Corollary 2.7, condition (3) can be replaced by the requirement that 
oi, 02, o3 E X * 3 odd m, n such that oi (770; E X. This is clear since, in the proof 
of (3) * (2), we only use this (seemingly weaker) condition. 
3. The Representation Theorem 
We now prove the following extension of the representation theorems in [l, 2,3, 
7,101. 
Theorem 3.1. Suppose (X, G) is a space of signatures and that W(X) denotes the 
associated Witt ring. Suppose Q :X + C is any locally constant function. Then 
@EW(X)iff@lr E W(Y) for each finite quasifan Y c X. 
Proof. If (X, G) is a quasifan then the result is true by the proof of [lo, Theo- 
rem 5.81. Suppose now that (X, G) is not a quasifan, Q is represented over all quasi- 
fans Y c X but Q is not represented over X. Using the standard Zorn’s Lemma argu- 
ment, we can assume Q is represented over all proper subspaces of X. If there is some 
XE G of order 2, xz -1, with D(l,x) having non-cyclic two-primary part, then we 
have a contradiction as in [lo, Theorem 5.41. Thus, by Theorem 2.6, (X, G) is a 
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group extension of a direct sum (Xi, G,) @ (Xz, G2), where each Gj has cyclic two- 
primary part, and at least one of the Gi contains an element of odd order. Choose 
a system of coset representatives {c,} of G over G, := G, x Gz and decompose Q as 
Q = C y cvev as in [lo, Proposition 5.71. For any subspace Y of Xi @Xz we have the 
associated subspace Y’= {a~ G*: (T 1 Go E Y} c X. Note that Y’ is a group extension 
of Y and the {c,} are coset representatives for this group extension too. Accord- 
ing to [lo, Proposition 5.71, at least one of the Q,~, say eyO, is not represented over 
(Xi, G,) @ (X,, G2). Moreover, each Q, is represented over each proper subspace 
of (Xi, G,) @ (X,, G2). Thus, replacing Q by eyO, we may as well assume (X, G) = 
(Xi, Gi) @ (X,, G2). Summands are subspaces so Q =A on Xi, i= 1,2. If we prove 
dim(f,) = dim(f2) (mod 2) then we are done (just splicefi and fi to represent Q over 
X). TO prove this pick ai EX~ of 2-power order and let Y := [cri, (~~1 nX. Since G 
is not two-primary, Y is a proper subspace so Q =f^ on Y. But then ai = Q(oi) = 
ai for each i so, by [ll, Proposition 1.41, dim(f,)=dim(_&) (mod 2). 0 
Remarks 3.2. (i) The statement and proof of [lo, Theorem 5.91 carries over word- 
for-word to finite quasifans in the general sense considered here. For a finite quasi- 
fan (X, G), this provides a criterion for determining when a function Q :X+ C is 
represented as an element of W(X). 
(ii) Suppose F is a skew field or a ring with many units and T C F is a preordering 
with associated Witt ring W,(F) and space of signatures X/T. In view of the results 
in [9,12], Theorem 3.1 yields a representation theorem for W,(F) as a subring of 
the ring of locally constant functions Q :X/T+ C. Of course, in case F is a field, 
this was proved earlier in [3]. 
We conclude with two corollaries of Theorem 3.1. The first of these is the ‘unit’ 
version of Theorem 3.1. The second is a criterion for recognizing direct sum decom- 
positions. Both of these generalize level 1 results in [7]. 
Corollary 3.3. Let C*=C\{O} and suppose Q :X-t C* is some locally constant 
function. Then the following are equivalent: 
(1) BaEG such that @=6. 
(2) ~(a~) =~(cr~)~(a~)~(o~) holds for all u1,~2,03, 04~Xsatisfying u4= 0~0203. 
Proof. (1) * (2) is clear. Now assume (2). In view of Theorem 3.1 and Corol- 
lary 2.3, we can assume (X, G) is a finite quasifan. For OEX, keZ odd, ok= 
ck-‘oo so, by (2), ~(&)=&a~-~ )~(o)~. It follows by induction that 
(3) ~(0~) =~(a)~ for all odd ke L. 
This means Q is represented on each cyclic subspace of (X, G). Let BC G be the 
basic part. Suppose (T,, o2 E X and y E (G/B)*. Then a,‘, o, y, a,y E X and o2 y = 
o,‘(oi y)02 so, by (2) and (3), e(o2y) =e(a&‘e(oi y)e(oz), i.e., e(oJ’e(oi Y) = 
~(o&‘@(a~~). This shows that r : (G/B)* + C* given by r(y) =~(o))‘~(ay) is well 
defined, i.e., independent of the choice of o E X. Using this, one verifies easily that 
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if yl, 72~ (G/B)* then r(yi y2) = t(~i)r(y~), i.e., r is a character on (G/B)*. Using 
the natural isomorphism G/Bz (G/B) **, this yields an element b E G satisfying 
r(y) = y(b) for all YE (G/B)*. Replacing Q by &-‘Q, we can assume b= 1, i.e., 
@(a~) = e(o) for all o E X and all y E (G/B)*. Thus Q induces a well-defined map 
p :X lB + C*, &a lB) = ~(a). In this way, we are reduced to the case B = G. Since 
(X, G) is a quasifan, the result is clear in this case. 0 
Corollary 3.4. Suppose X=X, U *a. U X, where X,, . . . , X, are pairwise disjoint and 
each Xi is closed in X. Then the following are equivalent: 
(1) (X,G)=(X,,G/X;)@+J(X,,G/X;). 
(2) Whenever al, 02,03, a4 E X satisfy o4 = al 13~ a3, cr4 $ {ol, ts2, a3}, then 
al, 02, a3, a4 ail lie in the same Xi. 
Proof. Again, (1) * (2) is clear. Assume (2). To prove (1) it is enough to show that 
the natural map G -+ G/Xi’ x ... x G/X,I is surjective (and hence an isomorphism). 
Let a 1 ,..., a,EG be given. Define @:X-C* by Q=Zi on Xi (i=l,..., s). What we 
want is an element a E G such that Q = ci on X. The existence of such an element 
follows from Corollary 3.3. (Alternatively, it follows directly using Theorem 3.1 
and Corollary 2.3.) q 
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